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[M] Ifm=<f(xy) <M forall (x,y) in D, then

mA(D) < f f(x, y) dA < MA(D)

D

EXAMPLE 6 Use Property 11 to estimate the integral [{, e"*<*YdA, where D is the
disk with center the origin and radius 2.

SOLUTION Since —1 <sinX =< 1and —1 < cosy < 1, we have
—1 < sin X cos Y =< 1 and therefore

efl = esinxcosy = el =e

Thus, usingm=e~' = 1/e, M = e, and A(D) = m(2)? in Property 11, we obtain

477 < jf eSinXCOSydAg 47Te
e
D

EXercises « =+ + o o o o o o o o o o o o o o o o e o o e o o

1-6 m Evaluate the iterated integral. 13. f f y3 dA,
TR D
1. jol [ 0+ 2y) dy ax 2. f}z fyz xy dx dy D is the triangular region with vertices (0, 2), (1, 1), and (3, 2)
e Ve, . ﬁ (x +y)dA, D is bounded by y = vx y = x*
3. JO jy VX dx dy 4. fﬂ L (x> — y) dy dx .
5. [ [ e do 6 [ VT dudy 15. g (2x =y dA,
. . D is bounded by the circle with center the origin and radius 2
7-16 m Evaluate the double integral. 16. Jj ye*dA, D is the triangular region with vertices (0, 0),
D
lﬂ&WWA D={xy[0=x=<2 —x<sy=x (2,4), and (6, 0)
D
8. ﬂ X}?’ 5 dA, D={xy)|l=x=2 0=y=2x 17-24 ® Find the volume of the given solid.

D

9H 2y dA, D={(xy)|0=x=<1, 0=<y= X}
D

17. Under the paraboloid z = x> + y? and above the region
bounded by y = x* and X = y*

2
il 18. Under the paraboloid z = 3x* + y? and above the region

bounded by y = xand X = y*> — y

19. Under the surface z = Xy and above the triangle with
vertices (1, 1), (4, 1), and (1, 2)

20. Bounded by the paraboloid z = x> + y? + 4 and the planes
X=0,y=0,z=0,x+y=1

12. ﬂ XVy? = x2dA, D={xy|0<y<1 0<x=<Vy} 21. Bounded by the planes x =0,y = 0, z = 0, and
D X+y+z=1

10. ﬂeysz, D={(xy|0<y<1 0<x<y}
D

1. HXcosydA, Disboundedbyy =0, y=x* x=1
D
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22. Bounded by the cylinder y* + z> = 4 and the planes X = 2y,
X = 0, z = 0 in the first octant

23. Bounded by the cylinder x> + y> = 1 and the planes y = z,
X =0, z = 0 in the first octant

24. Bounded by the cylinders X* + y* =r?and y* + z* = r?

K4 25. Use a graphing calculator or computer to estimate the

x-coordinates of the points of intersection of the curves
y = x*and y = 3x — x2 If D is the region bounded by
these curves, estimate [f, x dA.

¥ 26. Find the approximate volume of the solid in the first octant

that is bounded by the planes y = X, z = 0, and z = X and
the cylinder y = cos X. (Use a graphing device to estimate
the points of intersection.)

27-28 m Use a computer algebra system to find the exact

volume of the solid.

27. Under the surface z = x’y* + xy? and above the region
bounded by the curves y = x* — xand y = x* + x
forx =0

28. Between the paraboloids z = 2x* + y* and
z = 8 — x* — 2y* and inside the cylinder x* + y* = 1

29-34 m Sketch the region of integration and change the order
of integration.

29, JO‘ J:fo(x, y) dy dx

30. jo"/ [ 0cy) dy dx

31 [ [ 0o y) dydx 32 [ f0cy) dxdy

33, f: f:/z f(x,y) dx dy 34. L‘ (”/“ f(x, y) dy dx

35-40 m Evaluate the integral by reversing the order of
integration.

35. fo‘ j:y e dx dy
36. fo‘ f‘@ VX + 1dxdy

3

~N

. r [gycos(xz)dx dy
0 Jy?
38. J" [ x?sin(y?) dy dx
0 Jx*
39. jl Jw/z cos X+/1 + cos®x dx dy

0 Jarcsiny

40. f( f f; e dx dy

41-42 m Express D as a union of regions of type I or type II
and evaluate the integral.

2 y
41. gx dA 1 N

7

y=-1

43-44 m Use Property 11 to estimate the value of the integral.

43, jfmm D =10,1] % [0, 1]

44, Jj e dA,
D

D is the disk with center the origin and radius %

45. Prove Property 11.

46. In evaluating a double integral over a region D, a sum of
iterated integrals was obtained as follows:

jff(x, y) dA = jo‘ fozyf(x, y) dx dy + f jo‘"yf(x, y) dx dy

Sketch the region D and express the double integral as an
iterated integral with reversed order of integration.

47. Evaluate ([, (x*tan X + y* + 4) dA, where
D={xy|x*+y <2}
[Hint: Exploit the fact that D is symmetric with respect to
both axes.]

48. Use symmetry to evaluate [[, (2 — 3x + 4y) dA, where D
is the region bounded by the square with vertices (%35, 0)
and (0, =5).

49. Compute || +/1 — x* — y?>dA, where D is the disk
x? + y? < 1, by first identifying the integral as the volume
of a solid.

(5] 50. Graph the solid bounded by the plane X + y + z = 1 and

the paraboloid z = 4 — x* — y? and find its exact volume.
(Use your CAS to do the graphing, to find the equations of
the boundary curves of the region of integration, and to
evaluate the double integral.)



